We investigate observational constraints on the Brans-Dicke cosmological model using observational data coming from distant supernovae type Ia, the Hubble function H(z) measurements, information coming from the Alcock-Paczyński test, and baryon acoustic oscillations. Our analysis is based on the modified Friedmann function resulting form dynamical investigations of Brans-Dicke cosmology in the vicinity of a de Sitter state. The qualitative theory of dynamical systems enables us to obtain three different behaviors in the vicinity of this state. We find for a linear approach to the de Sitter state ωBD = −0.8606 −4.5459 . We obtain the mass of the Brans-Dicke scalar field at the present epoch as m φ ∼ H0. The Bayesian methods of model comparison are used to discriminate between obtained models. We show that observational data point toward vales of the ωBD parameter close to the value suggested by the low-energy limit of the bosonic string theory.
I. INTRODUCTION
Composing the standard cosmological model (ΛCDM model) we assume that the general relativity describes universe and we postulate validity of the cosmological principle. This model is the best description of the current universe as indicated by implementing the Bayesian methods of model selection to simple theoretical models [1] . Attempts to explain the present universe in terms of the standard cosmological model is justified by a pragmatic approach of a simple two parameter model. Such a model corresponds to what in physics we know as effective theories, like a standard model in particle physics. In this model as well as in ΛCDM model there are parameters which value should be obtained from a more fundamental theory or determined by observations. In cosmology the role of such parameters play the density parameters. Unfortunately, the nature of some parameters describing the dark side of the Universe (dark energy and dark matter) is unknown. From our point of view it means that in the construction of the standard cosmological model the cosmological constant term plays only the role of a useful fiction; i.e., the ΛCDM model describes cosmological observations well but unveils nothing about the nature of the cosmological constant. Adopting * orest.hrycyna@fuw.edu.pl † marek.szydlowski@uj.edu.pl ‡ kamionka@astro.uni.wroc.pl the methodology of an effective theory may shed some light on the nature of parameters revealing hints toward a more fundamental theory which we are looking for. Because of well-known problems with the cosmological term in the standard cosmological model related with its substantial interpretation we are looking for a solution of the conundrum of acceleration of the current Universe in the framework of Brans-Dicke theory of gravity [2] (see also [3] ). In this theory a gravitational interaction is described in terms of both a scalar field and the metric. The scalar field plays an important role in description of the early universe (inflation) as well as the late time cosmic evolution (quintessence). Moreover following recent Planck observations it is found that the time-varying equation of state with the constant additive contribution is favored when the astrophysical data are taken into account [4] .
In this framework the difficulty is to obtain a timevarying form of equation of state. In all these applications the scalar field is treated as a source. Usually it is assumed that they are not free and interact with itself via some potential function. Then in scalar field cosmology the main problem is to determine the unknown form of this potential. This problem is passed by assuming different, chosen a priori forms of the potential function of the scalar field.
In the Brans-Dicke theory, which is a scalar-tensor theory of gravity, a scalar field does not play the role of a substance but is rather a integral part of the gravitational sector. In this description a free parameter ω BD appears as a consequence of the effective theory approach.
The value of this parameter can be constrained using the astronomical observations and astrophysical experiments. In the scale of the solar system the Cassini spacecraft mission experiment gave a very stringent bound on ω BD > 4000 for spherically symmetric solutions in the parametrized post-Newtonian (PPN) formalism [5] [6] [7] . On the other hand the data from the cosmological experiments conducted during the WMAP and Planck missions gave substantially lower values of limits on the parameter ω BD . Liddle et al. in [8] studied the transition form radiation domination to matter domination epoch in Brans-Dicke theory and showed how the Hubble length at equality depends on the coupling parameter ω BD for large values of this parameter. Acquaviva et al. in [9] using structure formation constraints found lower bound ω BD > 120 at 95% confidence level. Recently Avilez and Scordis, using CMB data, have obtained the smaller value of the limit ω BD > 692 at a 99% confidence level [10] . Li et al. [11] using data coming from the Planck satellite and others cosmological observations determined the ω BD parameter region −407.0 < ω BD < 175.87 at the 95% confidence level, while for positive values of this parameter they obtained ω BD > 181.65 at the 95% confidence level. On the other hand Fabris et al. in [12] using the supernovae Ia data obtained the best fit value of ω BD = −1.477. We must remember that all these limits are model dependent. In some estimations the potential of the scalar field is ignored while in others the Newtonian approximation and spherical symmetry is assumed at the starting point.
In this paper we find observational constraints on the Brans-Dicke cosmological model assuming the Robertson-Walker symmetry working at the cosmological scale. Therefore the H 2 (a) relation is a starting point of our further estimations of the model parameters. The parameter ω BD is hidden behind the density parameters of the Brans-Dicke modification of the Friedmann equation. The next step is to estimate the value of the density parameters from the astronomical data and compare the model with the standard cosmological model ΛCDM using information criteria. Because we treat the new model as a generalization of the ΛCDM model it is naturally to interpret a prime contribution to the H 2 (a) relation as a corresponding term in the ΛCDM model.
The action for the Brans-Dicke theory [2] in the socalled Jordan frame is in the following form [13, 14] ,
where the barotropic matter is described by
and ω BD is a dimensionless parameter of the theory. For the spatially flat Friedmann-Robertson-Walker metric field equations lead to the energy conservation condition
where a dot denotes differentiation with respect to the cosmic time, and the acceleration equatioṅ
while the equation of motion for the scalar field is in the following form:
II. DYNAMICS AND THE HUBBLE FUNCTION
Using the expansion normalized variables [15, 16] x ≡φ Hφ , y ≡ V (φ) 3φ
the energy conservation condition (3) can be presented as
and the acceleration equation (4) aṡ
Then the dynamics of the Brans-Dicke theory with an arbitrary potential function and the barotropic matter content can be reduced to a three-dimensional autonomous dynamical system
where
If we assume that Γ = Γ(λ) we are able to find critical points of the system (9) which depend on the explicit form of the Γ(λ) function. In our previous paper [15] we have found that for an arbitrary potential function of the scalar field which can be expressed by some Γ(λ) function, there exist a single critical point (x * = 0, y * = 1, λ * = −2) corresponding the de Sitter expansion. Qualitative behavior of the solutions of the system (9) in the vicinity of this critical point depend on the eigenvalues of the linearization matrix calculated at this point. The eigenvalues are
where δ parameter is defined as
and depends on the second derivative of the potential function at the de Sitter state. Note that for a quadratic potential function V (φ) ∝ φ 2 we have Γ = 1 2 which leads to δ = 0. Simple inspection of the eigenvalues gives that in this case one of them vanishes giving rise to degenerated critical point and structurally unstable system [16, 17] .
For w m > −1 the critical point corresponding to the de Sitter expansion is stable when δ 3+2ωBD < 0 and represents a saddle-type critical point otherwise. The stable case can be further divided in to two cases corresponding to a stable node for −1 < δ 3+2ωBD < 0 and a stable focus for δ 3+2ωBD < −1. In the most general case, from (11) , one can distinguish two cases, the first one when the eigenvalues of the linearization matrix are purely real and the second when the eigenvalues have a nonzero imaginary part. The case with purely imaginary eigenvalues is excluded in our case.
From now on we assume that we include only the baryonic matter, Ω m = Ω bm with the equation of state parameter w m = 0.
In Appendix A we presented the linearized solutions in the vicinity of the de Sitter state for two types of behavior.
In the first case, characterized by the purely real eigenvalues, we make the following substitution
and the eigenvalues of the linearization matrix at the de Sitter state are
where for 0 < n < 3 2 we have a stable node critical point and for n < 0 a saddle type. Note that the case of n = 0 or n = 3, which corresponds to δ = 0 or ω BD = ∞, is excluded from our investigations as this case leads to degenerated critical point and structurally unstable system [16, 17] . Now, using the linearized solutions (A3) and the acceleration equation (8) up to linear terms in initial conditions we obtain the following Hubble function,
and
where ∆x = x (i) , ∆y = y (i) − 1, and ∆λ = λ (i) + 2 are the initial conditions in the vicinity of the de Sitter state and a (i) , a 0 are the initial and the present value of the scale factor. Up to linear terms in the initial conditions, from (7) we have Ω bm,i = ∆x − 2∆y.
In our further investigation the model described by the Hubble function (15) together with 0 < n < 3 2 , we denote as "model 1a" (the de Sitter state is the critical point of a stable node type), while the model with n < 0 we denote as "model 1b" (the de Sitter state is a saddle-type critical point).
For the second type of behavior in the vicinity of the de Sitter state we make the following substitution,
From the solutions (A6) and the acceleration equation (8), and again, up to linear terms in initial conditions we obtain the following Hubble function,
The model described by the Hubble function (20) we denote as "model 2" (the de Sitter state corresponds to the critical point of a stable focus type).
Note that for the Hubble functions (15) and (20), when the parameter δ in (16a) and (21a) is negative δ < 0, the density parameter of the matter content Ω M,0 is larger than the density parameter of the matter included in the model by hand Ω bm,0 .
Additionally the ΛCDM model is nested within both Hubble functions (15) and (20), i.e. carefully choosing the initial conditions for the linearized solutions
where up to linear terms in initial conditions Ω bm,i = ∆x − 2∆y, then in (15) we have Ω n,0 = Ω 3n,0 = 0 and in (20) we have Ω cos,0 = Ω sin,0 = 0 and the resulting form of the Hubble function is
This Hubble function describes the ΛCDM model with direct interpretation of the second term in the brackets as proportional to density parameter of the dark matter in the model
III. OBSERVATIONAL CONSTRAINTS
To estimate the parameters of the models we used modified for our purposes, publicly available CosmoMC source code [18, 19] with implemented nested sampling algorithm multinest [20] [21] [22] . We kept fixed present values of the Hubble function H 0 = 67.4 Mpc/km/s and the baryonic matter density parameter Ω bm,0 h 2 = 0.02207 taken for the recent observations of the Planck satellite [4] . In all investigated models we assumed a flat prior for estimated parameters in the following intervals: Ω M,0 ∈ (0.1; 0.5), Ω n,0 ∈ (−1; 1) , Ω 3n,0 ∈ (−1; 1) and the parameter n for the model 1a n ∈ (0; 3 2 ) and for the model 1b n ∈ (−3; 0). For the model 2 we assumed Ω sin,0 ∈ (−1; 1), Ω cos,0 ∈ (−1; 1) and n ∈ (0; 5).
We used observational data of 580 supernovae type Ia the so called Union2.1 compilation [23] , 31 observational data points of Hubble function from [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] collected in [34] , the measurements of BAO (baryon acoustic oscillations) from Sloan Digital Sky Survey (SDSS-III) combined with 2dF Galaxy Redshift Survey (2dFGRS) [35] [36] [37] [38] , The 6dF Galaxy Survey (6dFGS) [39, 40] , WiggleZ Dark Energy Survey [41] [42] [43] and information coming from determinations of Hubble function using AlcockPaczyński test [44, 45] .
In this paper the starting point was the Hubble functions obtained from the linearized solutions in the vicinity of the de Sitter state. Such solutions have a limited range of applicability and cannot be prolonged up to arbitrary values of the scale factor, so we did not apply obtained Hubble functions to observational data coming from large redshifts. The observational data coming from the CMB are beyond the scope of applicability of the obtained Hubble functions.
The likelihood function for the supernovae data is defined by (27) where C ij is the covariance matrix with the systematic errors, µ For H(z) the likelihood function is given by
where H th (z i ) denotes the theoretically estimated Hubble function, H obs i is observational data. For BAO A parameter the likelihood function is defined as The likelihood function for the rest of BAO data is characterized by
where C ij is the covariance matrix with the systematic
is the sound horizon at the drag epoch and D A is the angular diameter distance.
And finally, the likelihood function for the information coming from Alcock-Paczyński test is given by
where:
The mean of marginalized posterior PDF with 68% confidence level and the values of the joined posterior probabilities of the parameters for all investigated models are gathered in Table I .
The posterior constraints for investigated models are given in Figs. 1, 2, and 3 . On the one-dimensional plots the solid lines denote fully marginalized probabilities and the dotted lines show mean likelihood. On the twodimensional plots the solid lines denote 68% and 95% credible intervals of fully marginalized probabilities while the colors illustrate mean likelihood of the sample used.
In order to discriminate between models we used twice of the natural logarithm of the Bayes factor of two models defined as
which is proportional to the ratio of the evidence of the base model E 0 and the evidence of the model investigated E i . This quantity can be interpreted as a evidence in favor of the base model with subscript "0". For 2 > 2 ln B 0i > 0 the evidence is not worth a bare mention, for 6 > 2 ln B 0i > 2 is positive, for 10 > 2 ln B 0i > 6 is strong and when 2 ln B 0i > 10 the evidence is very strong in favor of model "0" (or very strong evidence against model "i") [46] . The values of twice the natural logarithm of the Bayes factor of models 1a, 1b, and 2 with respect to the ΛCDM model are gathered in Table II . Using Union2.1+H(z)+Alcock-Paczyński data set we obtain a positive evidence in favor of the ΛCDM model over the models under considerations. The Union2.1+H(z)+Alcock-Paczyński+BAO data set gives positive evidence of the ΛCDM model over the model 1a while the models 1b and 2 are strongly disfavored (or, equivalently, the strong evidence in favor of the ΛCDM as compared to the two models considered).
Calculating twice the natural logarithm of the Bayes factor between the models under investigations we obtain, for models 1a and 1b : 2 ln B 1a1b = 3.74 ± 0.35, for models 1a and 2 : 2 ln B 1a2 = 1.50 ± 0.32 and for models 2 and 1b : 2 ln B 21b = 2.24 ± 0.38. These values give a positive evidence in favor of the models 1a and 2 with The Bayesian statistical analysis crucially depends on the choice of the parameters priors. The models under considerations were obtained from the linearized solutions to dynamics in the vicinity of the de Sitter state and hence the Ω i,0 in the Hubble functions can not be arbitrary large as they depend linearly on the initial conditions. For larger regions on the parameter priors the evidence of the model will be worse but we must remember that in these models the main contribution to the Hubble functions are terms similar to the terms in the ΛCDM model. Restricting the allowed range for parameters one can obtain models which are virtually indistinguishable from the standard model.
IV. DERIVED QUANTITIES
In the previous section we have estimated values of the unknown parameters of the models. The two pairs of parameters (Ω n,0 ,Ω 3n,0 ) and (Ω sin,0 ,Ω cos,0 ) depend on the initial conditions of the phase space variables. Knowing the values of the parameters of the models one is able to obtain complete information about the present state of the phase space variables. The action integral (1) gives the effective gravitational coupling in Brans-Dicke theory as an inverse of the scalar field
However, for the spherically symmetric solutions in the Brans-Dicke theory in Cavendish-like experiments we have [47] [48] [49] 
We have to remember that this quantity is defined in the context of the parametrized post-Newtonian (PPN) formalism [5] only suitable for the solar system tests where a spherical symmetry of solutions is assumed, and not for our cosmological considerations of the background evolution only [13] . The variation of the effective gravitational coupling in the Brans-Dicke theory can be directly connected with the cosmological evolution of the scalar fielḋ which can be obtained either from (34) or (35) . Thus we have a direct interpretation of the present value of the phase space variable x x(a 0 ) =φ
where in G we omitted the subscript for simplicity. For the remaining two phase space variables we have
where the first quantity is proportional to the value of the scalar field potential function at the present epoch and the second one gives the slope of the potential function at the present epoch.
The dynamical system analysis enables us to find the asymptotic values of the phase space variables while the linearized solutions give us an opportunity to find its present time values. From Eqs. A3 for the models 1a and 1b we can derive
while from A6 for the model 2 we find
5 Ω cos,0 + 2n Ω sin,0 .
These equations express the interrelation between the parameters estimated in the Hubble function and the phase space state of the dynamical system under considerations.
In Table III we have gathered the present values of the phase space variables x(a 0 ), y(a 0 ) and λ(a 0 ) calculated for the mean of marginalized posterior PDF with 68% confidence level for the parameters of the models. The errors for a given quantity where calculated as minimal and maximal value of the quantity within 1σ intervals of the estimated parameters.
In Fig. 4 we present the fully marginalized probabilities (solid lines) and mean likelihood (dotted lines) for the present value of the phase space variable x(a 0 ) which is directly connected with time variation of the effective gravitational coupling constant. We have that at present epochĠ
which indicates that for every investigated model this quantity is positive, and thus, the value of the effective gravitational coupling constant increases during the evolution of universe. This observation can indicate the weakening the strength of gravity at early times and might be the reason for the low entropy of the early universe [50] .
With the present time value of the y(a 0 ) phase space variable at hand, one is able to calculate the scalar field potential function value at the present time, which is
Additionally from the λ(a 0 ) we are able to calculate the first derivative of the scalar field potential function with respect to the scalar field as The most important parameter in the Brans-Dicke theory is the only free parameter of the theory, namely, ω BD parameter.
From (16a) and (21a) we obtain that the δ parameter can be directly expressed as where in our considerations Ω bm,0 is the fixed value and Ω M,0 was estimated from the astronomical observational data. Then from (13) we have and from (18) we obtain
Note, that there is only one possibility to obtain ω BD ≫ 1, namely when in (45) the estimated value of n parameter is n ≈ 0 (or equivalently n ≈ 3).
In Table IV we gathered the values of the Brans-Dicke parameter ω BD calculated for the mean of marginalized posterior PDF with 68% confidence level for the parameters of the models while on figure 5 we present the fully marginalized probabilities and mean likelihood for the ω BD parameter of the Brans-Dicke theory. In the first case for the model 1a one can notice a clear cutoff at ω BD = −3/2 as the value leading to pathologies in the model [51] .
Finally we can calculate the mass of the Brans-Dicke scalar field. In the Jordan frame we have [52] 
which, transformed into the investigated phase space variables, is
The mass of the Brans-Dicke scalar field is dynamical quantity and changes during the evolution of universe as well it depends on the form of the scalar field potential function. Using linearized solution to the dynamics one can calculate not only its asymptotic value at the de Sitter state but also its present value.
From the third Eq. (9c) of the dynamical system (9) describing the evolution of models we obtain that at the present epoch
and using the linearized solutions (A3) and (A6) one can calculate the quantity on the left-hand side of the equation. Then we obtain the present value of the Γ(λ(a 0 )) function which depends on the second derivative of the scalar field potential function. Finally we can express the mass of the Brans-Dicke scalar field at the present epoch as
where from (A3c) and (39c) we have
while from (A6c) and (40c) we have
For a linear approach to the de Sitter state (model 1a) we obtain the mass of the Brans-Dicke scalar field 
while for a oscillatory approach to the 
In two first cases we obtain the mass of the Brans-Dicke scalar field as
which is consistent with an upper bound on the mass of a ultralight pseudo Nambu-Goldstone bosons considered in a cosmological background [53, 54] . In the model 1b where the de Sitter state is a transient state (represented by a saddle-type critical point) the mass of the BransDicke scalar field is of a tachyonic type.
V. CONCLUSIONS
As we mentioned in the Introduction, the Cassini spacecraft mission in the parametrized post-Newtonian (PPN) formalism gave the most stringent experimental limit ω BD > 40000 on the value of the Brans-Dicke parameter [7] . This was obtained in the solar system test for spherically symmetric solutions. The cosmological constraints on the Brans-Dicke parameter ω BD concern different spatial and temporal scales and the cosmography now plays the role of the PPN formalism. In order to obtain the Hubble functions we did not assume any specific form of the potential function for the Brans-Dicke scalar field. The chameleon mechanism [55] [56] [57] [58] [59] [60] leads to modifications in the effective potential function, i.e., the effective mass of the scalar field, which depends on the local matter density. In regions of low-mass density like on the cosmological scales, the scalar field is light, while in regions of high density in the solar system, it acquires a large mass, making its effects unobservable. However, the chameleon mechanism is not a generic feature for arbitrary scalar field potential functions. The question whether this mechanism arises for all possible potential functions under considerations remains open.
From a theoretical point of view there are two special values of the Brans-Dicke parameter, namely ω BD = 0 and ω BD = −1.
In the metric formulation of f (R) theory of gravity the action integral,
can be rewritten in the following form [61] 
which is equivalent to the Brans-Dicke theory with ω BD = 0. From the other hand, the Lagrangian density of the low-energy limit of the bosonic string theory [62] [63] [64] can be presented in the following form,
where Φ is the dilaton field. Making the substitution φ = e −2Φ , one obtains the Brans-Dicke theory with ω BD = −1 and V (φ) = Λφ. Neglecting the matter, the two theories are identical, but they differ in their couplings of the scalar field to the other matter [65] .
In this paper we obtained cosmological constraints on the models resulting from dynamical analysis of the Brans-Dicke theory. We have shown that for an arbitrary potential function of the Brans-Dicke scalar field, there exists the de Sitter state and that the dynamical behavior in its vicinity crucially depends on the value of the first and second derivative of the scalar field potential function at the de Sitter state as well as on the value of the Brans-Dicke parameter. We found the following mean values of the parameter of the theory: for a linear approach to the de Sitter state ω BD = −0.8606 −4.5459 . It is interesting that for the models under investigation, for an arbitrary scalar field potential function and excluding the model with ω BD < −3/2 as one leading to ghost behavior, we obtained a value of the ω BD parameter close to the value needed to obtain correspondence with the low-energy limit of the bosonic string theory.
the eigenvalues of the linearization matrix take the following form, 
where ∆x = x (i) , ∆y = y (i) − 1, and ∆λ = λ (i) + 2 are the initial conditions. In the case of the eigenvalues with nonzero imaginary part (model 2) using the substitution δ 3 + 2ω BD = − 1 9 (9 + 4n 2 ) ,
where again ∆x = x (i) , ∆y = y (i) − 1, and ∆λ = λ (i) + 2 are the initial conditions.
